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We consider the problem of the gravitational collapse of dust under the effect of a
Schwarzschild black hole (e.g. a primordial one) that suddenly forms inside the dust.
Under some assumptions we find a metric for such a dust - black hole system. We
find that the collapsing fluid in this case has a negative equation of state parameter.
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2Local gravitational collapse (i.e. the gravitational collapse other than the overall, uniform
contraction of the universe at the cosmological scales) is the main engine behind the for-
mation of stars, galaxies, clusters of galaxies out of small initial inhomogeneities. Therefore
this topic, in particular the gravitational collapse of a fluid around a black hole, attracted
attention since the early days of the theory of general relativity. The early major studies on
this topic are done by McVittie in 1933 [1], Tolman in 1934 [2], Oppenheimer and Snyder
in 1939 [3]. Later in 1947 Bondi [4] introduced a metric (called Lemaitre-Tolman-Bondi
metric) that may be converted to many other metrics (including those of Oppenheimer and
Snyder, Robertson-Walker, Schwarzscild) after specifying some particular values and some
coordinate transformations while McVittie’s metric is not a subcase of this metric [5]. The
common feature of all these metrics (including that of McVittie) is that all these correspond
to non-accrediting black holes. In other words, the only time dependence in these metrics
is, in fact, due to cosmological expansion [5, 6] i.e. there is no local gravitational collapse
of fluid in these spaces. In 1951 Vaidya [7] introduced a wholly different metric in the sense
that its (Schwarzschild) black hole accumulates or radiates massless particles, so it is accred-
iting. All the major metrics for gravitational collapse at present essentially belong to one of
McVittie, Lemaitre-Tolman-Bondi, and Vaidya metrics or their variations. In the following
paragraphs we derive a new metric that describes an accreting black hole - fluid system
that initially consists of an homogeneous and isotropic dust and a Schwarzschild metric that
consists of particles of some mass m.
The most general spherically symmetric metric can be written as [8]
ds2 = −e2λdt2 + e2ψdr2 +R2(dθ2 + sin2 θdφ2), (1)
where λ = λ(r, t), ψ = ψ(r, t), R = R(r, t).
We take the energy momentum tensor to be that of a perfect fluid whose components in
comoving coordinates are
T µν = diag(ρ, P, P, P ). (2)
The corresponding Einstein equations result in
F
′
R2R
′
= 8πρ, (3)
F˙
R2R˙
= −8πP, (4)
3R˙
′
− R˙λ
′
− ψ˙R
′
= 0, (5)
where primes and overdots denote the partial derivative with respect to r and t, respectively,
and
F (r, t) = R(1− e−2ψR′2 + e−2λR˙2). (6)
Let us consider
F
′
R2R
′
= 8πρ =⇒ F =
∫ r
0
F
′
dr˜ = 8π
∫ r
0
ρR2R
′
dr˜ (7)
R′ =
∂R
∂r
=⇒ R
′
dr = dR |t=constant= dRc, (8)
where Rc = R(r, tc) with tc = constant. Hence, (7) may be also expressed as
F = 8π
∫ R0
0
ρR˜2cdR˜c. (9)
In other words effectively we integrate over R˜c = Rc(r˜, tc) in (7).
Note that the infinitesimal volume element for (1) [9] is
d3V = 4πR2eψdr. (10)
The mechanical energy of a test particle of mass m, excluding its potential energy, is
E = meλ
dt
ds
. (11)
This expression may be obtained by dividing both sides of (1) by ds2, and then identifying
the result as the local Minkowski expression m2 = E2−~p2 for unit mass. Note that this is the
relevant quantity in an energy-momentum tensor rather than the total mechanical energy
of the particle me2λ dt
ds
(that may be obtained from ∂ L
∂ t′
where L = −m
√
−ds2
dt
, t′ = dt
ds
). The
relevance of this identification may be better seen by considering the non-relativistic limit of
Einstein equations for weak fields, namely, Possion equation, ~∇2φ = 4πG
∑
miδ(~r−~ri) for
a set of point masses. It is evident from the Poisson equation that the source term (i.e. the
energy-momentum tensor term) does not contain the gravitational potential, the potential
term is on the left hand side of the equation (i.e. in the Einstein tensor part). If we assume
that the fluid is made of particles of mass m and number density n, then the energy density
of the fluid is
ρ = En, (12)
4where E is given by (11). After using (10), (11), (12); (7) becomes
F = 2
∫ r
0
R
′
e−ψρ d3V = 2
∫ r
0
R
′
e−ψE nd3V . (13)
In the case (e.g. for Schwarzschild metric)
R
′ dt
ds
eλ−ψ = 1. (14)
F becomes
F = 2m
∫ r
0
n d3V , (15)
which is the twice of the total rest mass energy inside a sphere of radius r. In the following
we will assume that Eqs. (14) and (15) are satisfied.
We consider a model where the universe initially consists of a homogeneous isotropic dust
that is made of particles of mass m. We assume that a Schwarzschild black hole of mass M
suddenly appears in this space. This may be considered to model a primordial black hole
that suddenly forms (e.g due to quantum fluctuations) at some time ti in the presence of a
uniform dust [10] of initial number density n0.
Because the total number of particles inside a comoving radial distance r due to collapse
of the dust is conserved, we have
∫ r
0
nd3V = N =
∫ r0
0
n0d
3V 0, (16)
where r0 is the initial position of a test particle at time ti that is at the position r at time t.
Just before the formation of the black hole the metric is that of the Robertson-Walker
metric (that we assume to be spatially flat) we have
e2λ
(b)
0 = 1, e2ψ
(b)
0 = a2(t), R(b)
2
= a2(t)r20. (17)
At initial times after the formation of the black hole, locally the situation is almost equivalent
to that of a single black hole since the dust initially does not have a local gravitational field
(except its cosmological effect) because of the homogeniety and the isotropy of the dust.
Therefore, initially just after the formation of the black hole we have
e2λ
(a)
0 ≃ (1−
2GM
r0
), e2ψ
(a)
0 ≃ (1−
2GM
r0
)−1 , R(a)
2
= r20, (18)
provided that the cosmological effects may be neglected.
5Because the number of particles N does not change just before and after the formation
of black hole, Eq. (16) for (17) and (18) results in
N =
∫ r0
0
nb0d
3V b0 =
∫ r0
0
na0d
3V a0 = n
b
0V
b
0 =
4π
3
nb0r
3
0, (19)
where
d3V b0 = 4π(R
(b))2eψ
(b)
0 dr0 = 4πr
2
0dr0 , (20)
d3V a0 = 4π(R
(a))2eψ
(a)
0 dr0 = 4πr
2
0(1−
2GM
r0
)−1/2dr0 , (21)
where the superscripts b and a refer to the time just before and after the introduction of the
black hole.
The equations (15),(16), (19),(20), and (21) imply
F = F (r0) = 2M +
8π
3
mn0 r
3
0, (22)
where the contribution due to the black hole is included by the term 2M . It is evident that
the position of a test particle depends on its initial position and the time that has elapsed,
so
r = r (r0, t) , (23)
(where r0 = r (r0, t)) since the particles are initially at rest and so move only in the radial
direction towards the black hole at later times. Eq.(23) may be inverted to write
r0 = r0 (r, t) . (24)
Hence, we have
F
′
=
∂F
∂r
=
∂r0
∂r
∂F
∂r0
, F˙ =
∂F
∂t
=
∂r0
∂t
∂F
∂r0
. (25)
Next we let
R (r, t) = a (t) r0 (r, t) (26)
then 3 and 4 become
F
′
R2R
′
=
r
′
0
∂F
∂r0
a3 (t) r20r
′
0
=
1
a3r20
∂F
∂r0
= 8πρ, (27)
F˙
R2R˙
=
r˙0
∂F
∂r0
a2 (t) r20R˙
=
1
a3r20
∂F
∂r0
−
a˙
a3r0R˙
∂F
∂r0
=
1
a3r20
(
1−
a˙r0
R˙
)
∂F
∂r0
= −8πP. (28)
Here
ρ =
1
4πr20
δ (r0) + ρ˜ (r0, t) , (29)
6where the term with the delta function in (29) stands for the black hole and ρ˜ is the energy
density of the fluid. Note that, in the case a˙ = 0 (i.e in the case where cosmological
expansion is neglected, Eq.(27) and Eq.(28) give an equation of state parameter -1 (as for a
cosmological constant). On the other hand, in the case r˙0 = 0, i.e. in the case where there
is no gravitational collapse due to the black hole we have R˙ = a˙r0, so P = 0 in Eq.(28), i.e
the fluid behaves as dust. Next we will find a specific metric that realizes this situation.
As mentioned before, a uniform dust has no gravitational field if the cosmological expan-
sion is neglected i.e the local gravitational effect of a homogenous and isotropic dust is the
same as that of Minkowski space (up to a possible cosmological expansion). When the dust
is locally perturbed (i.e. if its density is locally perturbed) by a small amount then g00 = −1
goes to g00 = −(1 − 2φ) where φ ∝
1
r
with r being the radial distance to the origin of the
perturbation. The Newtonian potential φ is due to the density contrast between the pertur-
bation and the background. If we assume that the perturbation is due to the Schwarzschild
black hole, then one expect g00 to be of the following form
g00(r, t) = −e
2λ(r,t) = −

1− 2G
[
M + f˜(t)
]
r

 , (30)
where M is the mass of the black hole and f˜(t) is an arbitrary function of time. In fact,
physical arguments alone give f˜ = f˜(t, r), but to make compatible with the equations (5)
and (14) we postulate f˜ = f˜(t) as we will see below.
After taking the derivative of (14) with respect to time and dividing by itself we obtain
R˙
′
+ λ˙R
′
− ψ˙R
′
= 0 ⇒ R˙′ − ψ˙R′ = −λ˙R′. (31)
We substitute (31) in (5) to obtain
λ˙R
′
+ λ
′
R˙ = 0⇒
λ
′
λ˙
= −
R
′
R˙
. (32)
Note that
λ
′
λ˙
=
(∂e
2λ
∂r
)
(∂e
2λ
∂t
)
,
R
′
R˙
=
(∂R
2
∂r
)
(∂R
2
∂t
)
. (33)
One may check that Eq.(32) has the following solutions;
e2λ = α1 + α2
f (t)
g (r)
, R2 = α3 + α4 [f (t) g (r)]
β
, (34)
7where α1, α2, α3, α4, β are arbitrary constants; and f (t) , g (r) are arbitrary functions of t
and r, respectively. Eq.(30) suggests that one may take
α1 = 1, α2 = −2GM , f (t) = 1 +
f˜ (t)
M
= 1 +
˜˜
f (t) , g (r) = r. (35)
Then R2 (r, t) may be specified by α3 = 0, α4 = 1, β = 2 such that
R (r, t) = r f(t) = a(t)
[
f(t)
a(t)
]
r . (36)
It is evident that before the formation of the black hole there will be no density contrast, so
we must impose limM→0 f (ti) = a(ti).
After comparing (36) with (26), we find that
r0 = h(t) r, (37)
where
h(t) =
f(t)
a(t)
. (38)
The equation (6) specifies grr as [9]
grr (r, t) = e
2ψ(r,t) =
[
1 + (g00)
−1R˙2 −
GF (r0)
R
]−1
R
′2
=

1 + f˙ 2(t) r2
(
1−
2GM f(t)
r
)−1
−
2G
(
M + 4pi
3
mn0r
3
(
f(t)
a(t)
)3)
r f(t)


−1
f 2(t), (39)
where g00, R, F , and f(t) are specified by Eq.(30), (36), (15), (19) (namely F (r0) = 2M +
2mn0
4pi
3
r30), and (35); respectively. Therefore, the relevant metric in this case is
ds2 = −
(
1−
2GM f(t)
r
)
dt2 + f 2(t) {[1 + f˙ 2(t) r2
(
1−
2GM f(t)
r
)−1
−
2G
(
M + 4pi
3
mn0r
3
(
f(t)
a(t)
)3)
r f(t)
]−1dr2 + r2(dθ2 + sin2 θdφ2)}, (40)
where f(t) → a(t) as t → ti and M → 0 while otherwise f(t) being arbitrary. Different
choices of f(t) are expected to give different evolutions of the system.
The general evolution of this black hole - fluid system may be obtained by substituting
the explicit forms R and F in (27) and (28). To obtain the delta function in ρ, we include
a step function in F as
F (r0) = 2MΘ(~r0) + 2mn0
4π
3
r30. (41)
8Hence (27) and (28)become
∂F
∂r0
a3 (t) r20
=
a(t)
2π f 4(t)r4
M δ(r) +
8πmn0
a3(t)
= 8πρ, (42)
1
a3r20
(
1−
a˙r0
R˙
)
∂F
∂r0
=
[
1−
(
a˙(t)
a(t)
)(
f(t)
f˙(t)
)](
a(t)
2π f 4(t)r4
Mδ(r) +
8πmn0
a3
)
= −8πP.
(43)
Eqs. (42) and (43) suggest that the conclusions obtained after (27) and (28) remain the
same: The energy density and pressure in (42) and (41) have two types of contributions; one
is a dust-like behaviour at cosmological scales and the other is a local cosmological-constant-
like contribution. The overall fluid, in general, has a negative equation of state parameter
with the two extremes, the cosmological dust for f(t) = a (t) (i.e. for M → 0 at initial time
ti) and the local cosmological-constant-like behaviour for |
a˙
a
| ≪ | f˙
f
| (i.e. in the absence of a
cosmological expansion or contraction).
To see the implications of (42) and (43) more clearly, it will be useful to identify the terms
responsible for local gravitational collapse and the cosmological expansion more clearly. a(t)
is taken to be the scale factor for the cosmological expansion. r0 is taken to be the initial
positions of the test particles corresponding to dust, so it is independent of time. (Note that
(24) does not imply that r0 depends on time since r for a test particle is time-dependent.)
The time independence of r0 combined with (17) implies that the identification of a(t)
with cosmological expansion is consistent. On the other hand, the time independence of r0
combined with (37) implies that h(t) specifies the local gravitational collapse. The equation
of state parameter may be determined from (42) an (43) as
ω =
P
ρ
= −
[
1−
(
a˙(t)
a(t)
)(
f(t)
f˙(t)
)]
= −
1
1 + a˙(t)
a(t)
h(t)
h˙(t)
(44)
Eq. (44) implies that ω depends both on a˙
a
and h˙
h
. We observe that, when | a˙
a
| ≪ | h˙
h
|
(i.e. when the cosmological expansion is negligible with respect to the local contraction
due to the local gravitational collapse) the equation of state of the system approaches the
equation of state of cosmological constant while, for | a˙
a
| ≫ | h˙
h
| the equation of state of
the system approaches that of dust. Note that h˙
h
> 0 by (37) since r0 is fixed (for each
test particle) while r decreases because the test particle locally falls towards the black hole.
Hence, in the plausible and the phenomenologically relevant case of cosmological expansion
(i.e. a˙
a
> 0) and the local gravitational collapse (i.e. h˙
h
> 0), the possible values of the
9equation of state parameter ω varies between 0 and -1. In other words, when there is an
expansion at cosmological scale while locally the fluid is contracting due to gravitational
collapse, the equation of state of this black hole - fluid system has an equation of state
parameter satisfying -1 < ω < 0. In other cases ω may take on exotic values. For example,
when a˙
a
< 0 and h˙
h
> 0 we would have −∞ < ω < -1.
Although the equation of state parameter here is similar to that of dark energy (which
manifests at cosmological scales), this does not automatically imply that such a system
would induce an accelerated expansion of the local universe since the metric here is not the
Robertson-Walker metric. However it would be interesting to see in future studies if the dark
energy-like behaviour in (43) essentially becomes the same as the cosmological dark energy
behaviour if such gravitationally collapsing dust around black hole systems are abundant at
cosmological level. Another point worth to mention is that, one may wonder if this metric is
another form of Vaidya metric. The massiveness of the dust particles seem to exclude this
possibility. In fact, a comparison of the Vaidya’s metric with (40) also seem to suggest that
this is a wholly new metric (see Appendix A). All these points need further study by their
own.
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Appendix A: Comparison of (40) with Vaidya metric
The Vaidya metric in its well-known form reads [7, 11]
ds2 = −
(
1−
2GM(z)
r
)
dz2 + 2 dz dr + r2(dθ2 + sin2 θdφ2), (A1)
where z is related to the coordinates t and r by switching to Eddington-Finkelstein coor-
dinates. Eq.(A1) describes radial influx (outflux) of massless particles for z = −v (z = u)
where v, u are the ingoing and outgoing Eddington-Finkelstein coordinates. This metric
may be expressed in a diagonal form [11, 12] as
ds2 = −f0(r, t) dt
2 +
(
1−
2GF (r, t)
r
)−1
dr2 + r 2(dθ2 + sin2 θdφ2), (A2)
11
where f0(r, t) =
F˙ 2(r,t)
f2(r,t)
(
1− 2GF (r,t)
r
)
with f(r, t) = F ′(r, t)
(
1− 2GF (r,t)
r
)
. It is evident that
the form of (A2) is quite different from that of (40).
